Introduction
Let p be a prime number and G a finite group of order divisible by p. Let S are homotopy equivalences. In this note we consider similar inclusions between other categories of p-subgroups of G. The list of categories that we deal with can be found after the following theorem summarizing our main results.
Theorem 1.2. The following inclusion functors (a)
S G : the poset of of all p-subgroups of G ordered by inclusion T G : the transporter category of all p-subgroups of G L G : the linking category of of all p-subgroups G [3] F G : the fusion or Frobenius category of all p-subgroups of G [14, 4] O G : the orbit category of all p-subgroups of G F G : the exterior quotient of the Frobenius category F G [14, 1.3, 4.8] Also, for a fixed nonidentity p-subgroup P , we consider F : a Frobenius P -category over P [14, 4] F : the exterior quotient of F [14, 1.3, 4.8] L sfc : the centric linking system associated to F [4, 5] If C is any of these categories, then • C * is the full subcategory of C generated by all nonidentity p-subgroups • C * +eab is the full subcategory of C generated by all nonidentity elementary abelian p-subgroups • C sfc is the full subcategory of C generated by all selfcentralizing p-subgroups • C sfc+rad is the full subcategory of C generated by all selfcentralizing radical p-subgroups where the terms selfcentralizing and radical are defined in Subsection 1.2.
Definition 1.3.
A functor C → D between categories C and D is a homotopy equivalence of categories if the induced map of classifying spaces BC → BD is a homotopy equivalence of topological spaces.
An equivalence of categories is a homotopy equivalence as is any left or right adjoint functor.
The following, maybe somewhat unexpected, corollary follows immediately from items (c) and (e) of Theorem 1.2. Corollary 1.4. The quotient functor F * → F * is a homotopy equivalence.
The proofs of Theorem 1.2 and Corollary 1.4 are in Sections 5-9. Using Quillen's Theorem A (Theorem 3.1) and Bouc's theorem for EI-categories (Theorem 3.3) to show that the inclusion functors of Theorem 1.2 are homotopy equivalences, we have to prove contractibility of certain slice and coslice subcategories (Definition 2.2) of p-subgroup categories. Since we use Euler characteristics to help us in identifying these slices and coslices, Section 2 contains a short review of Euler characteristics for categories as defined by Leinster [12] . The reader, who wants a general impression of our method of proof, may take a glance at Section 5, where we re-establish the already known results that the inclusions of (1.1) are homotopy equivalences.
We find it curious that somehow the combinatorics of the Frobenius category F * G is able to identify the elementary abelian subgroups so some of the group theory is remembered in an unexpected way. Likewise, the orbit category O G is able to identify the G-radical and the cyclic subgroups. Finally, the exterior quotient F sfc of an abstract Frobenius category F is able to identify the F -radical subgroups.
Subgroup categories.
This subsection contains precise definitions of the p-subgroup categories occurring in this paper. By convention, maps act on elements from the right, and composition of morphisms is written in diagrammatic order. Likewise, functors act on categories from the right. If a and b are objects in a category C , • C (a, b) is the set of C -morphisms with domain a and codomain b • C (a) is the monoid of C -endomorphisms of a The poset S G is the set of all p-subgroups of G ordered by inclusion. In other words, S G is the category whose objects are all p-subgroups of G with one morphism H → K whenever H ≤ K and no morphisms otherwise. The objects of the finite categories T G , L G , F G , F G , and O G are again all p-subgroups of G. For any two p-subgroups, H and K, of G, the morphism sets are
Composition in any of these categories is induced from group multiplication in G. The morphisms in F G (H, K) are restrictions to H of inner
, and morphisms in F G (H, K) are K-conjugacy classes of restrictions to H of inner automorphisms of G,
The automorphism groups in these categories of the p-subgroup H of G are
where
of one faithful and five full functors. Fix a finite nonidentity p-group P . A Frobenius P -category or saturated fusion system over P is a category whose objects are the subgroups of P and whose morphisms satisfy a set of axioms [14, 4] that distill the properties of the Frobenius categories F G coming from a group G. There are examples of abstract Frobenius P -categories F that are exotic in the sense that there is no finite group G with F G equivalent to F . The exterior quotient or orbit category F of F is the category whose objects are the subgroups of P and with morphism sets
consisting of F -morphisms up to inner automorphisms of the codomain. Composition in F induces composition in its quotient category F .
1.2.
Selfcentralizing and radical subgroups. For ease of reference we state here the definitions of Gand F -selfcentralizing and G-and F -radical subgroups as these concepts are used throughout this paper. As usual, O p K is the greatest normal p-subgroup of the finite group K [9, Chp 6.3].
Every G-selfcentralizing subgroup of G is nontrivial, and every F -selfcentralizing subgroup of P is nontrivial.
Let P be a Sylow p-subgroup of G and F the full subcategory of F G with objects all subgroups of P . For every subgroup H of P H is F -selfcentralizing ⇐⇒ H is G-selfcentralizing H is F -selfcentralizing and F -radical =⇒ H is G-radical and the second implication can not be reversed.
According to Quillen [16, Proposition 2.4] we have that (1.7) S * K is noncontractible =⇒ O p K = 1 for any finite group K. In the present context, this means that
is noncontractible =⇒ H is F -radical (1.9) Properties (1.8) and (1.9) will be very important in the proof of Theorem 1.2. (Quillen conjectures in [16, Conjecture 2.9 ] that the reverse implication of (1.7) is true. If Quillen's conjecture holds, then also the reverse implications of (1.8) and (1.9) are true.)
Weightings and and coweightings for EI-categories
Let C be a finite category and [C ] the set of isomorphism classes of its objects. In this section we show that we can use strict coslice categories to define weightings in the sense of Leinster [12] . 
If C has both a weighting and a coweighting, then the rational number
A general finite category may not admit a weighting or a coweighting or it may have several weightings or coweightings and in that case the Euler characteristic is independent of the choice of weighting or coweighting. Definition 2.2 (Coslice and slice categories). Let C be a category, A a full subcategory, and x, y objects of C .
• x/A is the category of C -morphisms from x to an object of A (the coslice of A under x)
• A/y is the category of C -morphisms from an object of A to y (the slice of A over y)
A//y • x//A is the full subcategory of x/A with objects all nonisomorphisms from x to an object of A.
• A//y is the full subcategory of A/y with objects all nonisomorphisms from an object of A to y We write Lemma 2.3. Let C be any finite category admitting a weighting k
, is a weighting for the coslice a/C of C under a.
Proof. The set of objects of a/C , which is the set of C -morphisms with domain a, is partitioned
according to codomains. Also, for any C -morphism ϕ ∈ C (a, b) with codomain b and any C -object c, the set of C -morphisms from b to c is partitioned
into a/C -morphism sets with domain ϕ. The computation
shows that the function k
is a weighting on a/C .
Here is a variation [11, 2. 
and a coweighting for [C ] is a function k
The category C has a weighting k 
Similarly, C has a coweighting if and only if [C ] has a coweighting. This construction in fact provides a bijection between (co)weightings for C that are constant on isomorphism classes of objects and (co)weightings for [C ] . An EI-category is a category where all endomorphisms are isomorphisms (automorphisms). Because the matrix for [C ] can be arranged to be upper triangular with positive diagonal entries, any finite EI-category C has a unique weighting and a unique coweighting that are constant on isomorphism classes of objects [12, Lemma 1.3, Theorem 1.4, Lemma 1.12].
A full subcategory I of a category C is a left ideal if any C-morphism whose domain is an object of I is an I-morphism. For instance, if C is an EI-category and a an object of C then a//C is a left ideal in a/C by [12, Lemma 1.3]. Theorem 2.6. Let C be a finite EI-category, and let k • C and k C • be the weighting and the coweighting on C that are constant on isomorphism classes of objects of C . Then
and the Euler characteristic of C is
where the sums run over the set [C ] of isomorphism classes of objects of C .
Proof. We shall only prove the statement about the weighting since the statement about the coweighting is entirely dual. Since C is a finite EI-category, the coslice categories a/C and a//C are also finite EI-categories. Thus they admits weightings and coweightings. Since a//C is a left ideal in a/C , the weighting for a/C from Lemma 2.3 restricts to a weighting for a//C [11, Remark 2.6]. The category a/C has an initial element, so it is contractible and has Euler characteristic 1. Therefore
because the weighting k
• C is assumed to be constant on the isomorphism class [a] of a.
The rational functions
are the weighting and the coweighting for [C ], respectively. In case S is a poset, we sometimes write a≤ S , a< S , S ≤b , S <b for a/S , a//S , S /b, S //b, respectively. Using this notation, the last part of Theorem 2.6 takes the following form.
Corollary 2.7. The Euler characteristic of a finite poset S is the sum
of the opposite of the local reduced Euler characteristics.
This reproduces a well-known result from the combinatorial theory of posets.
Homotopy equivalences between categories
The famous Quillen's Theorem A provides a sufficient criterion for a functor between two categories to be a homotopy equivalence. We quote here Quillen's Theorem A not in its full generality but for the special case of inclusions between categories. We also quote a perhaps less well-known result of Bouc providing a sufficient condition for an inclusion of posets to be a homotopy equivalence. In this section we generalize Bouc's theorem for poset inclusions to finite EI-category inclusions. Proof. Assume that Ob(A) contains the support supp(•//C ) of the functor •//C . The claim is that the inclusion functor ι : A → C is a homotopy equivalence. It suffices to show that the coslice x/A of A is contractible for every object x of C (Theorem 3.1).
For any object x of C define the height of x, ht(x), to be the maximal length of any path
of nonisomorphisms in C terminating at x. The height of x is finite since there are no circuits in paths of nonisomorphisms [12, Lemma 1.3] . If there is a nonisomorphism from x 0 to x 1 , then ht(x 0 ) < ht(x 1 ). Define ht(C ) to be the maximal height of any object of C . Suppose that x is an object of C of maximal height, ht(C ). Then x//C is the empty category because there is no nonisomorphism from x to any object of C . The empty category is not contractible, so x ∈ supp(•//C ) ⊂ Ob(A) is an object of A. Then x/A is contractible with the identity of x as an initial element.
Let now x be any object of C such that the coslice y/A of A is contractible for all objects y of height greater than ht(x). Then the functor x//ι : x//A → x//C is a homotopy equivalence by Theorem 3.1 because the category (x → y)/(x//ι) = y/A is contractible for every object x → y of x//C . In case x is an object of A, x/A is contractible as before. In case x is not an object of A, x/A = x//A because there can be no isomorphism from x to an object of A as A is closed under isomorphisms. We now have x/A = x//A x//C and x//C is contractible since x ∈ supp(•//C ). Thus x/A is also contractible.
By finite downward induction on ht(x) we see that x/A is contractible for all objects x of C .
Subgroup categories for p-groups
For any small category C and any set D ⊂ Ob(C ) of objects of C , we let C D denote the full subcategory of C generated by the objects in the set D.
denotes the full subcategory of F G with objects the set of all subgroups L of G for which H ≤ L K.
In the following lemma we consider
: the poset of nonidentity and proper subgroups of P O [1,P ) P : the full subcategory of O P with objects all proper subgroups of P F (1,P ) P : the full subcategory of F P with objects all nonidentity and proper subgroups of P for P a nonidentity p-group. We write µ for the Möbius function of the poset S P [18, §3.7], and we abbreviate µ(1, K) to µ(K) for any subgroup K of P . • is a coweighting for F
) is contractible, with P as final element, containing the right ideal χ( 
where QL = QΦ(P ) and QR = Q for Q ≤ P . Observe that Q P =⇒ QΦ(P ) P because the Frattini subgroup is the group of nongenerators of P . The poset on the right, S [1,P ) P , is contractible with the trivial group as an initial object. The poset on the left, S (1,P ) P , is therefore also contractible. Alternatively, the natural transformations Q ≤ QΦ(P ) ≥ Φ(P ), 1 ≤ Q P , define a homotopy from the identity of S 
where R and L are adjoint functors and U is an isomorphism. The functors R and L are given by QL = QΦ(P ) and QR = Q for Q ≤ P . The category in the middle, O [Φ(P ),P ) P , is isomorphic to the category O [1,P/Φ(P )) P/Φ(P )
. To see this, observe that all supergroups of the Frattini subgroup Φ(P ), or just [P, P ], are normal, so that O P (Q 1 , Q 2 ) = P/Q 2 = P/Φ(P ) Q2/Φ(P ) = O P/Φ(P ) (Q 1 /Φ(P ), Q 2 /Φ(P )) when Q 1 and Q 2 both contain Φ(P ).
(d) If P is elementary abelian, then F P = S P and F (1,P ) P = S (1,P ) P , is noncontractible by (b). If P is not elementary abelian, the Frattini subgroup Φ(P ) is a nontrivial normal subgroup and so is its intersection with the center Z(P ) of P [17, 5.2.1]. There are adjoint equivalences of categories
where QL = QΦ(P ) and QR = Q for Q P . The category to the right, F [1,P ) P , is contractible because it has the trivial group as an initial object. The category to the left, F
(1,P ) P , is therefore also contractible.
One might be led by Lemma 4.1.(a) to suspect that, for any nonidentity p-group P ,
To see that these two statements are equivalent, recall that the Frattini quotient of P is cyclic precisely when P itself is cyclic [ 
with composition in this category induced from composition in the abelian group V . If the rank r = 1, then the category O
is the cyclic group V , which is not contractible. Let us now explore the category O 
There is an adjunction
where HL = K and KR = K. The functor R includes the full subcategory of O V with K as its only object into the full subcategory of all subgroups of K. The functor L is the projection 
associated to the functor π provides information about the homology groups of the category O 
The above argument is easily seen to work for any prime p and we conclude that dim
is noncontractible when V has rank r = 2.
Here are few remarks about the spectral sequence (4.3) for arbitrary prime p and rank r ≥ 2. When t = 0,
is contractible. When t > 0, we conjecture, based on computer calculations, that E 2 st = 0 except for s = r − 1. We have not been able to prove this conjecture.
Brown posets and transporter categories
Let G be a finite group of order divisible by p and S G the poset of p-subgroups of G. The Brown poset for G is the subposet S * G = S 
show that the categories S * G //K and S The following proposition points out that the largest normal p-subgroup is the smallest G-radical psubgroup. It implies that the poset S * +rad G has a least element in case O p G is nontrivial. (We thank Andy Chermak for the proof.)
Let T G be the transporter category of p-subgroups of G. 
Frobenius categories
Let P be a finite p-group and F a Frobenius P -category. FACTS:
• All morphisms in F are monomorphisms • The categories F * /K and F * //K are thin • The coweighting for F * vanishes off the elementary abelian subgroups [11, Theorem 7.5] A category is thin if there is at most one morphism between any two objects. 
and F * //K have identical Euler characteristics. And indeed, there are functors
, and there is a natural transformation from the identity functor to the endofunctor (H
This shows that r K and i K are homotopy equivalences between F * /K and S
. Their restrictions are homotopy equivalences between F * //K and S
and Bouc's Theorem 3.3 shows that the inclusion of F * +eab into F * is a homotopy equivalence.
In the course of the proof of Proposition 6.1 we saw that the homotopy type of the category F * //K of F * -nonisomorphisms to K depends only on K, not on F . We know of no formula for the weighting of a general Frobenius category F . Even though there is an explicit formula in [11, Theorem 1.3. (3) ] for the weighting of the Frobenius category F G associated to a finite group G, we have not been able to determine the support of this weighting or describe the categories H//F * G .
Orbit categories
Let G be a finite group of order divisible by p and O G the orbit category of p-subgroups of G.
FACTS:
• 
and H//O G have identical Euler characteristics. Indeed, for any nonidentity p-subgroup H of G, there are functors
The category L/r H is the full subcategory of O G /H generated by all morphisms gK 
and O G //K have identical Euler characteristics for any object K of O G . In fact, there are equivalences of categories
for any subgroup H of K. We observe that there is an obvious identification of morphism sets,
and we use this identification to define i K on morphism sets. By construction, i K is full and faithful, and as it is also essentially surjective on objects, i K is an equivalence of categories. Lemma 4.1.(c) tells us that
only depends on the Frattini quotient V (K) of K. Therefore,
is noncontractible} and Bouc's Theorem 3.3 shows that the inclusion of the full subcategory of O G generated by this support into O G is a homotopy equivalence. However, it is not clear what p-subgroups of G are in the support. Certainly, all cyclic subgroups of G are in the support but there could very well be other subgroups as well.
is not contractible (Example 4.2) while O V is contractible (it has V as a terminal element).
Exterior quotients of Frobenius categories
Let P be a nonidentity finite p-group, F a Frobenius P -category, and F the exterior quotient of F 
have identical Euler characteristic for any object H of H/ F sfc . In fact, they homotopy equivalent. Let H be any F -selfcentralizing object of F . We claim that there are homotopy equivalences
There is no restriction in also assuming that H is fully normalized in F . The functor r H takes the object
Note that this is well-defined even though ϕ is only defined up to conjugacy in K. The group
is indeed a p-subgroup of F (H) and that r H (ϕ 1 ) ≤ r H (ϕ 2 ) whenever there is a
Thus r H is a functor. We now want to use Quillen's Theorem A to show that r H is an equivalence of categories. Let L be a p-subgroup of F (H) = F (H)/F H (H). We may assume that L is contained in the Sylow p-
The category L/r H is the full subcategory of H/ F generated by all objects ϕF
Here is an attempt
. According to Quillen's Theorem A (Theorem 3.1), r H is a homotopy equivalence of categories.
Since the functor r H takes nonisomorphisms ϕF K (K) ∈ F (H, K) ⊂ Ob(H/ F ) to nonidentity p-subgroups of F (H), it restricts to a functor r H : H// F → S 
and F * //K have identical Euler characteristics for any object K of F * . In fact, there are equivalences of categories
Observe that there is an obvious identification of morphism sets
which defines the effect of the functor i K on morphism sets in F * K . The functor r H is a full and faithful functor by construction. It is also easily seen to be essentially surjective on objects. Thus i K is an equivalence of categories. This applies to both above versions of i K .
By Lemma 4.1.(d), supp( F * //•) = Ob( F * +eab ) and Bouc's Theorem 3.3 shows that the inclusion of F * +eab into F * is a homotopy equivalence.
Lemma 8.3. Let H, N , and K be objects of F such that H is F -selfcentralizing and H ≤ N ≤ N P (H). An F -morphism ϕ : H → K extends to an F -morphism ψ : N → K if and only if F N (H) ϕ ≤ F K (H ϕ ).
Proof. Since H is F -selfcentralizing, the same is true of H ϕ and thus H ϕ is fully centralized in F [14, 4.8] . By the Extension Axiom for Frobenius P -categories, ϕ : H → K extends to a morphism ρ : N → P [14, 2.10.1]. We claim that (x)ρ ∈ K for all x ∈ N . By assumption, there is some y ∈ K such that conjugation with (x)ρ and with y has the same effect on H ϕ . This means that (x)ρy −1 ∈ C P (H ϕ ) ≤ Z(H ϕ ) ≤ H ϕ ≤ K, and thus (x)ρ ∈ K. The corestriction ψ = K|ρ : N → K of ψ : N → P extends ϕ : H → K. Proof. Let H be a F -selfcentralizing object of F . The functor π : L sfc → F sfc is bijective on objects and |K|-to-1 for on morphism sets L sfc (H, K) → F sfc (H, K) with codomain K ∈ Ob(F sfc ).
acts freely from the right on L(H, K) with quotient L sfc (H, K)/K = F sfc (H, K) [4, Lemma 1.10]. This implies that if ϕ 1 ∈ L(H, K 1 ), ϕ 2 ∈ L(H, K 2 ), and the commutative F -diagram to the right has a solution Restricting to the nonisomorphisms we get a homotopy equivalence H// π : H//L → H// F . Compose these homotopy equivalences with the homotopy equivalences of (8.2) to get homotopy equivalences − χ(S
and L * G //K have identical Euler characteristics for any object K of L * G . In fact they are homotopy equivalent as we see in much the same way as in the proof of Proposition 6.1. The proof now follows from Bouc's Theorem 3.3 because supp(L
